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Maximum Likelihood learning of
Gaussians for Classification

e Why we should care

e 3 seconds to teach you a new learning
algorithm

e What if there are 10,000 dimensions?
e What if there are categorical inputs?
e Examples “out the wazoo”
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Why we should care

e One of the original “Data Mining” algorithms

e Very simple and effective

e Demonstrates the usefulness of our earlier
groundwork
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Where we were at the end of the
MLE lecture...
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This lecture...

Copyright © 2001, Andrew W. Moore

Categorical Real-valued Mixed Real /
inputs only inputs only Cat okay

% E Predict Joint BC Gauss BC Dec Tree

EZ: assifier category |Naive BC \

n —_” . H /

E: Dgnsny . prpp_ Joint DE Gauss DE

& »|Estimator | ability |Ngive DE

2 Predict

> i

8_-Regressor teal no.

Gaussian Bayes Classifiers: Slide 5

v
MLE of

Gaussians

Copyright © 2001, Andrew W. Moore

Density

Decision

Trees

Bayes

Classifiers
taSSHer

v

Gaussian Bayes Classifiers: Slide 6




Road Map

Probability
Decision

- Density Trees
PDFs Estimation
MLE Gaussians Bayes
Classifiers
MLE of
Gaussians L
Gaussian
Bayes
Classifiers
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Gaussian Bayes Classifier
Assumption
e The i'th record in the database is created

using the following algorithm

1. Generate the output (the “class”) by
drawing y—Multinomial(py,p,,-.-Pyy)

2. Generate the inputs from a Gaussian PDF
that depends on the value of y; :

X; ~ N(m,S).

Test your understanding. Given N, classes and m input attributes, how
many distinct scalar parameters need to be estimated?
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MLE Gaussian sifier

Let DB; = Subset of t
database DB in which
the output classisy =i |9

created

1. Generate the output (the_class”) by
drawing y~Multinomial(p,,p,,..-Pyy)

2. Generate the inputs from a Gaussian PDF
that depends on the value of y; :

X; ~ N(m,S).

Test your understanding. Given N, classes and m input attributes, how
many distinct scalar parameters need to be estimated?
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MILE Gauccian Bayes Classifier

Let DB, = Subset of _
database DB in which |the database is created

the output class isy = 19 algorithm

|(mmle, Smie )= MLE Gaussian for DB,
|

y
2. Generate the inputs fx ~Gaussian PDF
that depends on the vi«de of y; :

Test your understanding. Given N, classes and m input attributes, how
many distinct scalar parameters need to be estimated?
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MLE Gaussian Bayes Classifier

Let DB; = Subset of _
database DB in which |the database is created

the output classisy =i |9 algorithm

|(mmle, Smle Y= MLE Gaussian for DB,

2. Generate the inputs f aussian PDF
that depends on the v of y; :

X; ~ N(m,S).
1 & 1 &
me _ o \T
! =__ — X ) mle _ ( _ mle)( _ mle)
Hi DB. |, %B_ K hdin[SiT = —| DB A K i X M
e —hy d 2 1 DBy |
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Gaussian Bayes Classification

pxly=i)P(y=i)

P(y=i]x)= 50X)
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Gaussian Bayes Classification

pxly=nP(y=i)
p(x)

P(y=i[x) =

1
(20)™ IS I"

e U
g (Xk_p'i) Si(xk_p'i)

p(x)

exp Y

N
o o

P(y=i|x) =

How do we deal with that?
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Here Is a dataset

age employme education edur marital job relation race gender hour country wealth
39 State_gov Bachelors| 13 Never mai... Adm_clericNot in_far White Male 40 United Stipoor
51 Self emp Bachelors' 13 Married Exec manHusband 'White Male 13 United Stipoor
39 Private  |HS_grad 9 Divorced ... Handlers ¢(Not in far White Male 40 United Stipoor
54 Private  |11th 7 Married Handlers (Husband Black Male 40 United Stipoor
28 Private Bachelors 13 Married Prof speciWife Black Female 40 Cuba poor
38 Private  Masters 14 Married Exec_manWife White Female 40 United Stipoor
50 Private | 9th 5 Married sf. Other servNot in farBlack Female 16 Jamaica |poor
52 Self emp HS_grad 9 Married Exec manHusband |White Male 45 United Stirich
31 Private  Masters 14 Never mai. Prof speciNot in far White Female 50 United Stirich
42 Private Bachelors 13 Married Exec_manHusband 'White Male 40 United_Stirich
37 Private  'Some_coll 10 Married Exec_manHusband Black Male 80 United_Stirich
30 State_gov Bachelors 13 Married Prof_speciHusband Asian Male 40 India rich
24 Private Bachelors' 13 Never_mai... Adm_clericOwn_child White Female 30 United Stipoor
33 Private  |Assoc_act 12 Never mai... Sales Not in_far Black Male 50 United_Stipoor
41 Private  Assoc_voc 11 Married Craft_repaiHusband Asian Male 40 *MissingVirich
34 Private | 7th_8th 4 Married ... Transport Husband 'Amer IndiiMale 45 Mexico  poor
26 Self emp HS_grad 9 Never mai... Farming_fi:Own_child White Male 35 United Stipoor
33 Private  |HS_grad 9 Never mai... Machine cUnmarried White Male 40 United Stipoor
38 Private  |11th 7 Married ... Sales Husband 'White Male 50 United Stipoor
44 Self emp Masters 14 Divorced ... Exec manUnmarried White Female 45 United Stirich

41 Private Doctorate 16 Married Prof speciHusband 'White Male 60 United Stirich

48,000 records, 16 attributes [Kohavi 1995]
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Predicting wealth from age
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Predicting wealth from age
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Wealth from hours worked

westh = ponr
(pice = 0. TEOF18)

1 mEsn ooy

heoura_wioeked  388d 52 B
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(priar = 023838 )
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Wealth from years of education

weealh = ponr
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age, hours ® wealth

hours_workad
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age,

hours ® wealth
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age, hours ® wealth

vk = poor veaakh = nich
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Having 2 inputs
instead of one helps
in two ways:
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age, hours ® wealth
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age, edunum ® wealth
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age, edunum ® wealth
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hours, edunum ® wealth
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Accuracy
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An “MPG” example
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An “MPG” example
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An “MPG” example

Things to note:

«Class Boundaries can be weird
shapes (hyperconic sections)

«Class regions can be non-simply-
connected

*But it's impossible to model
arbitrarily weirdly shaped regions

eTest your understanding: With
one input, must classes be simply
connected?
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Overfitting dangers

e Problem with “Joint” Bayes classifier:
#parameters exponential with #dimensions.

This means we just memorize the
training data, and can overfit.
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Overfitting dangers

e Problem with “Joint” Bayes classifier:
#parameters exponential with #dimensions.
This means we just memorize the
training data, and can overfit.
e Problemette with Gaussian Bayes classifier:
#parameters quadratic with #dimensions.

With 10,000 dimensions and only 1,000
datapoints we could overfit.

Question: Any suggested solutions?
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General: O(m?)
parameters
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General: O(m?) B ose o s

paran leters STe E
2
é im S 2m S'm
rakar = averiea e - . mabr ™ B
et maker valuas: amenca asia aurops H
] LT = el BB
e ming sranes sz modehaar brecs o 11
modshysar TRINTE HENE 133083 FABTES 111901 11.T147
* rmd
raidpaar #11 4ok as

-

araa ik Ad
brrds bs w8
EETTIEY =

10 15 20 3 30 35 40 45

mEd

Copyright © 2001, Andrew W. Moore

Gaussian Bayes Classifiers: Slide 34

17



Aligned: O(m)

P 2
0 0 0 S‘m1 O
2
0 0 0 0 S mg
mrabar = amiertoa s = o b = purapn
(pior = (A5 Bk = DA e O17IHES
[} L LET I 1 FHON e 1 TN Ee
mea MA1IE A14TES D meg 1438 aror 1 meg ITECT 1IN 0
rrodshysar TN O e o mor 70 ’JJ_;J'::_M‘“" madstysar TABTES D RIE
g Aar # ree ot e wear i .ﬁ martors e ear i PR
T e 7 rama oW or e T
4 remme e e CETTRNL £ atw  woow
ra Iy : ™ ;l' | '} A '
.-. 1“! -. = -4 . v ow :I i :"d T ll:
el o | AN I|I Il- SAm |
i SR L N S
y as B ~ +";\ I f
K, T K‘-\-\_,-rz 1 5‘\ _.l"
e T 2 -
k] Friotl B b :"'_‘f
CT 1] oW WM M oA R T T
mpg e
Copyright © 2001, Andrew W. Moore Gaussian Bayes Classifiers: Slide 35
. s 0 0 0 o0
. ¢ s
ignea. m 0 s% 0 0o 0
2
S0 0 s% 0 o0
t S=¢ | .
parameters ¢
2
0 0 0 S‘m1 O
2
§ 0 0 0 0 s’mg
makar = amariva Ry e = g
et maker valuas: amenca asia aurops
! LLLL L LR R R R - [Tk L
mea A1 414785 D madebear e A brEmcs T IR0 0
sy FRANE O 13 200 kaETES O 11147
. had T .
i e s aee ] SEe L L s e
i it R AN
T S r——— Smmams an e kb d o /" . o
o mes - W
- feee g am aarn oo iu 1
i | e 7 braas
S - dadwessewreae 4 e 1 B i o
2 S i ¢
P -3?{ FiTEA amas wwm manoanowe . ﬁs‘\' ¥ 5
R Y 257 Baaais mrmsees s o o
ramrme-u - DU e w o a
i 71 . e N i
T T T T T T
1015 20 25 30 35 40 45
mpg
Copyright © 2001, Andrew W. Moore Gaussian Bayes Classifiers: Slide 36

18



Spherical: O(1)
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Spherical: O(1)
cov parameters
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BCs that have both real and
categorical inputs?

Categorical Real-valued Mixed Real /
inputs only inputs only Cat okay

2 3 Predict |J0MNt BC Gauss BC Dec Tree

= categor i

£E— gory | Naive BC BC Here???

n —_” . i

é_:” Dgnsny . prpp_ Joint DE Gauss DE

< —z|Estimator | ability |Naive DE

-

Jregressor 1. o
1 Regressor real no.

J

Inputs
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BCs that have both real and
categorical inputs?

Categorical Real-valued Mixed Real /
inputs only inputs only Cat okay

2 E@Tmedict Joint BC Gauss BC Dec Tree

8_: category |Naive BC BRC Hera22?

2 3 - - |Joint DE Gauss DE

3% Density [~ Prob J

c ability | Naive DE

p— Easy!
e I
g— real no. Guess how?
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BCs that have both real and
categorical inputs?

Categorical Real-valued Mixed Real /
inputs only inputs only Cat okay
% E Predict Joint BC Gauss BC Tre .
a3 Classifier category |Naive BC Gauss/Joint BC
2 E Density |  Prob- (Qint DE Gauss DE ) iGauss/Joint DE)
S —3|Estimator | ability |nive DE Gauss DE Gauss Naive DE
-

Jregressor 1. o
1 Regressor real no.

J

Inputs
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BCs that have both real and
categorical inputs?

Categorical Real-valued Mixed Real /
inputs only inputs only Cat okay
2 3@_ Predict [J0INt BC Gauss BC Dec Tree.
a— > .
c— category |Naive BC S
2 ity 1— - Lloint DE =~ _ auss/Joint DE
3% Density Prob ( py
g — ability \najye DE

>Predict
real no.

Inputs
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Mixed Categorical / Real Density
Estimation

e Write x = (u,v) = (u; ,u, yelg V1 \Vp o vm_q)

- J )
hd Y

Real valued Categorical valued

P(x [M)= P(u,v |M)

(where M is any Density Estimation Model)
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Int / Gauss DE
Combo

P(u,v [M) = If(u v ,M)J If(v |I\/I)J

Gaussian with Big “m-q”-dimensional
parameters lookup table

rlnlnnnriing on v
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MLE learning of the Joint /
Gauss DE Combo

P(u,v I[M) = P(u |v ,M) P(v |M)

= Mean of u among
records matching v

S, = Cov. of u among
records matching v
q, = Fraction of records

that match v

ulv,M~=N(m,S) ,P(vIM=q,
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MLE learning of the Joint /
Gauss DE Combo

P(u,v [M) =P(u |v ,M) P(v |[M)

= Mean of u among = i 2 u,
records matching v R, « ta —y
S, =Cov.ofuamong = 1 o
! records matching v E a ( “V)(uk V)
V :
= Fraction of records = RV
that match v F

U|V,M“‘N(m/’5v) 1P(VIM)ZQV
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Gender and Hours Worked*

gender

i % 40 5 7| Famale

a thar

Female 03315158 mean oo
s wirkied

Wl 058482 -1 (4]

hours worked 2GR 145 B96

Plade

dersity

0.018 |
0,014 ]
001 |
0,005 |
0.00Z |

*As with all the results from the UCI “adult census” dataset, we can'’t
draw any real-world conclusions since it's such a non-real-world sample
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What we just di

Copyright © 2001, Andrew W. Moore

4—=Joint / Gauss DE

Combo

Gaussian Bayes Classifiers: Slide 48

24



What we do neXt_,,Joint / Gauss BC
Combo

Copyright © 2001, Andrew W. Moore Gaussian Bayes Classifiers: Slide 49

Joint / Gauss BC

Combo |

P(Y =i|u,v) = p(u,v|M )P =i)
| p(u, V)

_ P(UIV,M,) p(vM,)P(Y =i)

p(u,v)

_ N(UK Sy ) Ay P
p(u, V)
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Joint / Gauss BC

Combo |
P(Y =i |u,v) = PUVIMOPEY =i)

p(u,v)

, = Mean of u among | p(u,v,M;) p(v | M,)P(Y =i)

records matching v

and in which y=i p(u,v)
Si v = Cov. of u among
’ records matching v
and in which y=i |- v P
q;, = Fraction of “y=i" p(u, V)
’ records that match _
Vv Rather so-so-notation for

. “Gaussian with mean and
— Fraction of records My

P; o covariance S; , evaluated at u”
that match “y=i '
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Gender, Hours® Wealth

wRNT = R el = rich

i = 0.TE0F 120 [ = 0239280

e poreer

Foreade [ 355101 e Dav Famaa 000 51008 meamn (=]
houm_wirked 35ETG 140542 Fours_warbed G0GTES 100511

T OB S Ll a) o sk DAiEE L] oo
Fous_ieibe - M 1517

on ,.-"ll .
e / i
00 - o
s B F 1 R T
10 2% 40 & M B ih 26 4 & T 8

hausz_mrkmd hourz_wsorbad
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Gender, Hours® Wealth

T = [

werpllhy = rih

Cprrr = 0.E0CE) [ o = 0L 2303080
gender .
Ferae 0305103 wealth values: poor rich
e | gender
= :
emale prob 05 %
ot bl | BETT
oM M

e :--'-"’.‘I-IM-. Male pmb 05' : .
RARAT FEE IR

10 2% 40 5 710 |
hours_worked \

o
L
H
N T = T W TR T

10 25 W0 & A B b 25 40 & T 8E
hass smried hours_warbed

darafy
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Joint / Gauss DE Combo and
Joint / Gauss BC Combo: The
downside

e (Yawn...we've done this before...)

More than a few categorical attributes blah blah
blah massive table blah blah lots of parameters
blah blah just memorize training data blah blah
blah blah blah

blah
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Naive/Gauss combo for Density

Reil Categorical EStl m atl on
pU,V[M) = §O p(u, |M)é§o P(v, |M>-

u |M ~ N(m],s j) Vi M ~ Multlnomlal[qll,qu,...,qij]

i

How many parameters?
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Naive/Gauss combo for Density
el Catsgorca Estimation

p(u,V[M) = éO p(u; |M)£O P(v, |M)_

u, ||\/| N(mJ,S j) VJ |M ~ Multmomlal[qjl,qu,...,qij]
1,

M=raY%

1o 2

s} ‘Eak (U - m;)
#of recordsinwhich Y =h

Qjh = R
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Naive/Gauss DE Example

gerder

hours_warked

Fermals
Ml

mean

0. 331818
0.688482

Cory

nours_wiorked 404224 153,545
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Naive/Gauss DE Example

gerder Fermalks 0231818
Ml 0.668482
hours_waorked mean By

nours_worked 40,4234 153,545

density | Fa
0.025 £

Q15 | b

aaps| gender density

Famale

hala

0.018]
0.014]
0.01 |
0.008

T
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Naive / _ _
. _p(u,v|Y =D)P(Y =1)
Gauss BC PV =tluv) = p(u, v)

" p, v)O P(u; 1M, 5) OP(V la,) P(Y =i)

p(u V)ON(UJ’mJ’Su) Oqu[v] pi

m = Mean of u; among records in which y=i

32ii =Var. of u; among records in which y=i

qij[h] = Fraction of “y=i" records in which v; = h

p; = Fraction of records that match “y=i"
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Gauss / Naive BC Example

wealh = poor wealh = rich

fpror=07R071E) [pnor = 0. 235080

gondar Fomala 0335185 gender Female 0151385
OE116 J 0. Bt

hours_warked mean cow heagrs ek e miesn o

ure_wearked  AS4520 129.004

dansty dansty 0035
0.035
n.ms3
0.0a5
. f Al 1 !
i 26 40 5 T a5 n 2% 40 B M B
hows_warked tors_ e e
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Gauss / Naive BC

Example

wealh = poor wealth = rich
{pror= 07607 1E) [pnor = 0. 2350E0]
gondar Femala 0.335185 gender Famrale 0151365

howrs_warked

.| wealth values: poor rich

dansi

05

gender \
Lt
Female prob 1 bt
Pr® g5 : i
T ETLERT ) e
40 B M B
Male  prob R i

s n

|

I : 3‘5: i :!;.!;gli
10 25 40
hours_worked

LI
t 'i ¥ +
M
W T
T T

85 70
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Learn Wealth from 15 attributes

Mame  Model

gausstype=gensral

hModel? bayesclass density=naive
submodel=gauss
gausstype=general

Model2 dtree
ma_pchance=0.05
adjust_chi=y max_nodes=50

Farameters FracRight

hWodell bayesclass density=joint submodel=gauss 0718009 +/L 0.00570714D

0832234 +- 0.00288377

[ 3]

max_children=4 ne_splits=y 0850702 +- 000364538
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Learn Wealth from 15 attributes

Mame  Model Parameters

hWodell bayesclass density=joint submodel=gauss
gausstype=general

MWodel? bayesclass density=naive
submodel=gauss
gausstype=general

Wodel2 diree may_children=4 ne_splits=y

max_pchance=005

adjust_chi=y max_nodes=50

FracRight

0718009 +- 0.00570714D

0832234 +- 000288377
[ %]

0850702 +- 0.00364538

odel Parameters

ayesclass  density=joint submodel=gauss
gausstype=general

ayesclass  density=naive
submodel=gauss
gausstype=general

to 3 levels

tree may_children=4 ne_splits=y
max_pchance=005
adjust_chi=y max_nodes=50

Same data, except all
real values discretized

FracRight

0800418 +- 0.00321903

0819745 +- 0.00240386

0826113 +. 000327583
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Learn Race from 15 attributes

Mame  Model Parameters

Modell bayesclass density=joint submodel=gauss
gausstype=general

Model? bayesclass density=naive
submodel=gauss
gausstype=general

Model3d  diree max_children=4 ne_splits=y
max_pchance=005

adjust_chi=y max_nodes=50

FracRight

0.391303 +- 0.00586792:|

0.7886686 +/- 0.00560675

0.860919 +- 0.00272011
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What you should know

e A lot of this should have just been a
corollary of what you already knew
e Turning Gaussian DEs into Gaussian BCs

» Mixing Categorical and Real-Valued
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Questions to Ponder

e Suppose you wanted to create an example
dataset where a BC involving Gaussians
crushed decision trees like a bug. What
would you do?

e Could you combine Decision Trees and
Bayes Classifiers? How? (maybe there is
more than one possible way)
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